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We consider the nonlinear propagation of finite amplitude electron-acoustic waves (EAWs) in
multi-component plasmas composed of two distinct groups of electrons (cold and hot components),
and non-isothermal ions. We use the continuity and momentum equations for cold inertial electrons,
Boltzmann law for inertialess hot electrons, non-isothermal density distribution for hot ions, and
Poisson’s equation to derive an energy integral with a modified Sagdeev potential (MSP) for nonlin-
ear EAWs. The MSP is analyzed to demonstrate the existence of arbitrary amplitude EA solitary
pulses (EASPs) and EA double layers (EA-DLs). Small amplitude limits have also been considered
and analytical results for EASPs and EA-DLs are presented. The implication of our results to space
and laboratory plasmas is briefly discussed.
PACS numbers: 52.27.Cm, 52.35.Mw, 52.35.Sb
I. INTRODUCTION
The idea of the electron-acoustic wave (EAW) has been
conceived by Fried and Gould [1] during numerical solu-
tions of the linear electrostatic Vlasov dispersion equa-
tion in a uniform unmagnetized plasma. It is basically
an acoustic-type waves [2], in which inertia is provided
by the cold electron mass, and the restoring force comes
from the hot electron thermal pressure. The ions play the
role of a neutralizing background only. The spectrum of
the linear EA waves, unlike that of the well-known Lang-
muir waves, extends only up to the cold electron plasma
frequency ωpc = (4pinc0e
2/me)
1/2, where nc0 is the un-
perturbed cold electron number density, e magnitude of
the electron charge, and me the mass of the electron.
This upper wave frequency limit (ω ≃ ωpc) corresponds
to a short-wavelength EAW and depends on the unper-
turbed cold electron number density nc0. On the other
hand, the dispersion relation of the linear EAWs in the
long-wavelength limit [in comparison with the hot elec-
tron Debye radius λdh = (kBTh/4pinh0e
2)1/2, where Th
is the hot electron temperature, kB is the Boltzmann
constant, and nh0 the unperturbed hot electron number
density] is ω ≃ kCe, where k is the wave number and
Ce = (nc0kBTh/nh0me)
1/2 the EA speed [3]. Besides the
well-known Langmuir and ion-acoustic waves, they no-
ticed the existence of a heavily damped acoustic-like so-
lution of the dispersion equation. It was later shown that
in the presence of two distinct groups (cold and hot) of
electrons and immobile ions, one indeed obtains a weakly
damped EAW [2], the properties of which significantly
differ from those of the Langmuir waves. Gary and Tokar
[3] performed a parameter survey and found conditions
∗email: mannan@na.infn.it
for the existence of the EAWs. The most important con-
dition is Tc ≪ Th, where Tc (Th) is the temperature of
cold (hot) electrons. The propagation characteristics of
the EAWs has also been studied by Yu and Shukla [4],
Mace and Hellberg [5–7] and Mace et al. [8].
Two-electron-temperature plasmas are known to occur
both in laboratory experiments [9–16] and in space en-
vironments [17–21]. The propagation of the EAWs has
received a great deal of renewed interest not only because
the two-electron-temperature plasma is very common in
laboratory experiments and in space, but also because
of the potential importance of the EAWs in interpreting
electrostatic component of the broadband electrostatic
noise (BEN) observed in the cusp of the terrestrial mag-
netosphere [21, 22], in the geomagnetic tail [23], in auro-
ral region [17–19], etc.
The EAWs have been used to explain various wave
emissions in different regions of the Earth’s magneto-
sphere [17, 18]. It was first applied to interpret hiss-
emissions observed in the polar cusp region in associa-
tion with low-energy (∼ 100 eV ) upward moving electron
beams [24]. The EAWs were also utilized to interpret the
generation of the BEN emissions detected in the plasma
sheath [23], as well as in the dayside auroral zone [17, 18].
Dubouloz et al. [17] rigorously studied the BEN observed
in the dayside auroral zone and showed that because of
the very high electric field amplitudes (100 mV/m) in-
volved, the nonlinear effects must play a significant role
in the generation of the BEN in the dayside auroral zone.
Dubouloz et al. [17, 18] also explained the short-duration
(< 1s) burst of the BEN in terms of electron acoustic soli-
tary waves (EA-SWs): such EA-SWs passing the satel-
lite would generate electric field spectra. To study the
properties of EA solitary structures, Dubouloz et al. [17]
considered a one-dimensional, unmagnetized collisionless
plasma consisting of cold electrons, Maxwellian hot elec-
trons, and stationary ions. El-Shewy [25] has investi-
2gated the propagation of linear and nonlinear EA-SWs
in a plasma containing cold electrons, nonthermal hot
electrons, and stationary ions. The effects of arbitrary
amplitude EA-SWs and electron-acoustic double layers
(EA-DLs) in a plasma consisting of cold electrons, su-
perthermal hot electrons, and stationary ions has been
considered by Sahu [26]. The EA-SWs in a two-electrons-
temperature plasma where ions form stationary charge
neutral background has been observed by Dutta [27].
El-Wakil et al. [28] considered cold electrons, nonther-
mal hot electrons, and stationary ions, and studied the
nonlinear properties of EA-SWs by using time-fractional
Korteweg-de Vries (K-dV) equation. On the other hand,
there are some space, where the energetic ions are ob-
served, and ion-temperature can very high, even higher
than electron-temperature [29]. The energetic ions are
described by a nonthermal or Cairns et al. distribution
[30–32], and are referred to as nonthermal ions. The lat-
ter is now being common feature of the geospace plasmas,
and in general it is turning out to be a characteristic fea-
ture of space plasmas [33]. For examples, nonthermal
ions are observed in the Earth’s bow-shock region by the
Vela satellite [34]; ASPERA on the Phobos 2 satellite
has observed the loss of energetic ions from the upper
ionosphere of Mars; in solar active region [35].
In this paper, we study the effect of non-thermal (ener-
getic or fast) ions on small and large amplitude EA soli-
tary pulses (EASPs) and EA-DLs in a multi-component
plasma. It is found that the presence of non-isothermal
ions greatly affect the features of both EASPs and EA-
DLs. The latter can be identified as localized electro-
static excitations in observational data from space and
laboratory plasmas.
II. GOVERNING EQUATIONS
We consider the nonlinear propagation of the EAWs
in one-dimensional, collisionless, unmagnetized plasmas
composed of cold electrons, hot electrons obeying a Boltz-
mann distribution, and nonthermal ions following non-
thermal distribution. Thus, at equilibrium, we have
nc0+nh0 = ni0, where ni0 is the nonthermal ion number
density at equilibrium. The nonlinear dynamics of the
EAWs propagating in such a plasma system is governed
by
∂nc
∂t
+
∂
∂x
(ncuc) = 0, (1)
∂uc
∂t
+ uc
∂uc
∂x
=
∂Ψ
∂x
, (2)
∂2Ψ
∂x2
= µeΨ + (1− µ)nc − (1 + βσΨ+ βσ2Ψ2)e−σΨ, (3)
where nc is the cold electron number density normal-
ized by its equilibrium value nc0, uc the cold electron
speed normalized by Ce, Ψ the wave potential normal-
ized by kBTh/e, µ = nh0/ni0, σ = Th/Ti, Ti the ion
temperature, and β = 4α/(1 + 3α), in which α is the
nonthermal parameter [30–32]. The time variable t is in
units of ω−1pc , and the space variable x is normalized by
λdh. Our three-component plasma model is valid for elec-
trostatic disturbances with the EAW phase speed much
larger (smaller) than the thermal speed of the cold elec-
trons (hot electrons and hot ions). The non-isothermal
ion density distribution is associated with an ion distribu-
tion function that departs from the Maxwell-Boltzmann
law on account of the EA wave amplitude dependent of
the ion energy in the nonlinear regime.
III. DERIVATION OF ENERGY INTEGRAL
To derive an energy integral [36, 37] from Eqs. (1)-(3),
we first make all the dependent variables to depend only
on a single variable ξ = x−Mt, whereM is the nonlinear
wave speed normalized by Ce. We note that M is not
the Mach number, since it is normalized by Ce, which
is not the EAW phase speed. Now, using the steady-
state condition and imposing the appropriate boundary
conditions (namely, nc → 1, uc → 0, and Ψ → 0 at
ξ → ±∞, one can express nc as
nc =
(
1 +
2Ψ
M2
)
−1/2
. (4)
Now, substituting Eq. (4) into Eq. (3), multiplying the
resulting equation by dΨ/dξ, and applying the boundary
condition, dΨ/dξ → 0 at ξ → ±∞, one obtains an energy
integral
1
2
(
dΨ
dξ
)2
+ V (Ψ) = 0, (5)
for an oscillating particle of unit mass, with pseudo-
position Ψ, pseudo-time ξ, and a pseudo-potential V (Ψ).
The latter for our purposes reads
V (Ψ) = µ(1− eΨ) + (1− µ)M2
(
1−
√
1 +
2Ψ
M2
)
−e
−σΨ
σ
(
1 + 3β + 3βσΨ + βσ2Ψ2
)
+
1
σ
(1 + 3β), (6)
which is valid for the arbitrary amplitude EASPs and
EA-DLs in our plasma.
IV. SMALL AMPLITUDE RESULTS
We first investigate the properties of small amplitude
EASPs and EA-DLs by using a pseudo-potential ap-
proach [36, 37]. The expansion of V (Ψ) around Ψ = 0
is
3V (Ψ) = C2Ψ
2 + C3Ψ
3 + C4Ψ
4 + · · ··, (7)
where
C2 =
1
2
[
1− µ
M2
− µ− σ(1 − β)
]
, (8)
C3 =
1
6
[
−3(1− µ)
M4
− µ+ σ2
]
, (9)
C4 =
1
24
[
15(1− µ)
M6
− µ− σ3(1 + 3β)
]
. (10)
A. EA Solitary Pulses
Let us first consider small-amplitude EASPs for which
V (Ψ) = C2Ψ
2 + C3Ψ
3 + C4Ψ
4 holds. This approxima-
tion allows us to write the small-amplitude solitary wave
solution [38] of Eq. (5) as
Ψ =
[
1
Ψm2
−
(
1
Ψm2
− 1
Ψm1
)
cosh2
(
ξ
δ
)]
−1
, (11)
where
Ψm1,2 = Ψm
[
1∓
√
1− C2
C0
]
,
Ψm = − C3
2C4
,
δ =
√
− 2
C4Ψm1Ψm2
,
δ is the width of the EASPs, and C0 = C
2
3
/4C4.
The profiles (indicating the amplitude and width) of
the small amplitude EASPs associated with positive and
negative potential are graphically displayed in figures
1 and 2. It is seen from figure 1 that the amplitude
(width) of the positive EASPs decreases (increases) with
β. On the other hand, figure 2 reveals that the amplitude
(width) of the negative EASPs decreases (increases) with
β.
B. EA Double Layers
To study the small but finite amplitude EA-DLs,
V (Ψ) = C2Ψ
2 + C3Ψ
3 + C4Ψ
4 allows us to write the
double layer solution [39] of Eq. (5) as
Ψ =
Ψm
2
[
1 + tanh
(
ξ
∆
)]
, (12)
where
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FIG. 1: (Color online) Showing how the amplitude and the
width of the positive EASPs vary with β for σ = 10, µ = 0.5,
and M = 0.36.
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FIG. 2: (Color online) Showing how the amplitude and the
width of the negative EASPs vary with β for σ = 10, µ = 0.5,
and M = 0.35.
Ψm = − C3
2C4
= −2C2
C3
,
δ =
2
Ψm
√−2C4
.
The profiles (indicating height and thickness) of the
small amplitude EA-DLs associated with positive poten-
tial are graphically displayed in figure 3. It is seen from
figure 3 that the amplitude (width) of the EA-DLs de-
creases (increases) with β.
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FIG. 3: (Color online) Showing how the amplitude and the
width of the positive EA-DLs vary with β for σ = 10, µ = 0.5,
and M = 0.38.
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FIG. 4: The profile of the pseudo-potential for µ = 0.5, σ =
10, β = 0.7,M = 0.4133 (solid curve),M = 0.41 (dash curve),
and M = 0.415 (dotted curve).
V. ARBITRARY AMPLITUDE EA SOLUTIONS
We now investigate the properties of arbitrary ampli-
tude EASPs and EA-DLs by numerical analyses of the
pseudo-potential V (Ψ), given by (5). It is evident from
(5) that V (Ψ) = dV (Ψ)/dΨ = 0 at Ψ = 0. There-
fore, the EASP and EA-DL solutions of (5) exist if
d2V (Ψ)/dΨ2)Ψ=0 < 0 i.e., C2 > 0, i.e., M > Mc =√
(1− µ)/(µ+ σ − βσ), so that the fixed point at the
origin is unstable.
One can easily show by numerical analyses of V (Ψ)
[given in (5)] that the EASPs exist with both positive
potential (Ψ > 0) and negative potential (Ψ < 0), but
the EA-DLs exist only with positive potential (Ψ > 0).
A part of the numerical analyses, showing the formation
of the potential wells in the positive Ψ-axis, i.e. showing
the existence of the EASPs and EA-DLs with Ψ > 0, is
displayed in Fig. 4. Figure 4 displays the formation of
the potential wells in the positive Ψ-axis, which corre-
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FIG. 5: The profile of the pseudo-potential for µ = 0.5, σ =
10, β = 0.7, and M = 0.38.
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FIG. 6: The formation of potential wells in both positive and
negative Ψ-axes at µ = 0.3, σ = 10, β = 0.583, M = 0.41
(solid curve), and M = 0.411 (dotted curve).
sponds to the formation of the EASPs and EA-DLs with
positive potential for µ = 0.5, σ = 10, and β = 0.7. The
Mach numbers are 0.4133 (solid curve), corresponding
to a double layer solution, 0.41 (dash curve), yielding a
positive solitary solution, 0.415 (dotted curve), giving no
positive solitary structure. Figure 5 exhibits the forma-
tion of the potential well in the negative Ψ-axis, which
corresponds to the formation of EASPs with negative po-
tential for µ = 0.5, σ = 10, β = 0.7, and M = 0.38 (solid
curve).
Figure 6 exhibits that for M > Mc positive and nega-
tive EASPs coexist (solid curve), and EA-DLs are formed
with positive potential only, but not with negative po-
tential. It also shows that negative EASPs and positive
EA-DLs coexist (dotted curve). Figure 7 depicts the for-
mation of the potential well in the negative Ψ-axis, which
corresponds to the formation of EASPs with negative po-
tential for µ = 0.5, σ = 0.4, β = 0.6, and M = 0.95. Fig-
ure 4 can provide a visualization of the amplitude (Ψm)
and the width [|Ψm|/|Vm|, where |Vm| is the minimum
value of V (Ψ) in the potential wells formed in the posi-
tive Ψ -axis]. Figure 5 can also provide a visualization of
the height and the thickness in the potential well formed
in the negative Ψ -axis]. Figure 4, where the values of M
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FIG. 7: The formation of potential well in negative Ψ-axes at
M = 0.95, µ = 0.5, σ = 0.4, and β = 0.6.
are around its critical value (Mc), indicate the existence
of arbitrary amplitude EASPs and EA-DLs. Figure 5,
where the values of M are around its critical value (Mc),
reveals the existence of arbitrary amplitudes EASPs. It
is found from this visualization (after a more numerical
analysis with different values of µ, σ, and β, which are
not shown here) that the variation of the amplitude and
the width with µ, σ, and β in the case of arbitrary am-
plitude EASPs and EA-DLs are exactly the same as that
in the case of small amplitude EASPs and EA-DLs.
VI. SUMMARY AND CONCLUSIONS
In this paper, we have considered a plasma composed
of cold inertial electrons, hot Boltzmann distributed elec-
trons, and non-isothermal hot ions, and have investigated
properties of small but finite, as well as arbitrary ampli-
tudes EASPs and EA-DLs. We have used the pseudo-
potential approach, which is valid for arbitrary ampli-
tudes EASPs and EA-DLs. It has been found for the
small amplitude limit that (i) the non-thermal plasma
system under consideration is found to support EASPs
and EA-DLs, whose salient features (the amplitude, the
width, the speed, etc.) are significantly modified by the
non-thermal parameter β; (ii) the amplitude (width) of
the EASPs decreases (increases) with β; (iii) the ampli-
tude (width) of the EA-DLs decreases (increases) with β.
On the other hand, it has been found for the arbitrary
amplitude that (i) EA-DLs are formed at M = 0.4133;
(ii) positive EASPs are formed at M = 0.41; (iii) no pos-
itive EASPs are formed at M = 0.415; (iv) the negative
EASPs are formed at M = 0.38; (v) at M > Mc the
negative EASPs and positive EASPs or EA-DLs coexist;
(vi) when ion temperature is greater than hot ion tem-
perature i.e. σ = 0.4 then we get only negative EASPs.
The ranges of different plasma parameters used in our
investigation are very wide (µ = 0.2− 0.9, σ = 0.4− 10,
and β = 0.3 − 0.8), are relevant to both space [17–21]
and laboratory plasmas [9, 10]. Thus, the results of the
present investigation should help us to explain salient fea-
tures of localized EA perturbations propagating in space
and laboratory plasmas that have two distinct groups of
electrons and a component of non-isothermal hot ions.
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